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We provide a compendium of results at the level of matrix elements for a systematic study of
dark matter scattering and annihilation. We identify interactions that yield spin-dependent and
spin-independent scattering and specify whether the interactions are velocity- and/or momentum-
suppressed. We identify the interactions that lead to s-wave or p-wave annihilation, and those that
are chirality-suppressed. We also list the interaction structures that can interfere in scattering and
annihilation processes. Using these results, we point out situations in which deviations from the
standard lore are obtained.
I. INTRODUCTION
Recently, several experiments have reported signals that may be interpreted as hints of dark matter interactions [1–
6]. However, since none of these signals have been recognized as smoking guns for weakly interacting massive particles
(WIMPs) of the Minimal Supersymmetric Standard Model (MSSM), there has been renewed interest in more general
studies of dark matter models. One particular area of recent interest is in an effective operator analysis [7–10], where
the detailed microscopic physics underlying interactions between the dark sector and Standard Model (SM) sector are
abstracted away, leaving a description in terms of effective 4-point contact interaction operators.
Thus far, this type of analysis has been carried forward in a somewhat piecemeal manner. For example, many
analyses assume that dark matter interactions involve a single contact interaction operator, without accounting for
possible effects arising from interference between multiple operators. Only initial steps have been taken toward
complementary studies of effective operators using direct, indirect and collider search strategies. Although it is well
recognized that the effective operator approximation can break down if the mediating particles are not heavy enough,
there has been little study of the features of the effective operator analysis which are robust.
Our goal is to provide tools needed for a systematic matrix element study of dark matter interactions with the
Standard Model sector, and results relevant for direct, indirect and collider searches. We address the following
questions:
1. Which interaction structures yield spin-dependent (SD) or spin-independent (SI) scattering? Are these matrix
elements unsuppressed, or suppressed by factors of the relative velocity or momentum transfer?
2. Which interaction structures permit s-wave annihilation or p-wave annihilation, and which are chirality-
suppressed?
3. Which interaction structures can interfere with each other in a scattering process? Which can interfere in an
annihilation process?
4. What unique signals arise from interaction structures that are CP -violating?
5. How may we distinguish between spin-0, spin-1/2 (Majorana or Dirac) and spin-1 dark matter by utilizing
signals in direct, indirect and collider searches?
Terms in the scattering matrix element can be suppressed by factors proportional to the relative velocity, or to the
ratio of the momentum transfer to dark matter or nucleus mass. For cold dark matter, these factors are all very small.
It is common to focus on scattering matrix elements with no velocity or momentum suppressions, since these terms
will typically dominate the scattering cross section. However, velocity- or momentum-suppressed terms can dominate
if the unsuppressed terms have very small coefficients. We therefore provide a complete treatment of the velocity-
and momentum-suppressed terms as well.
The basic structure of a dark matter-SM interaction can be written in terms of a dark matter bilinear ΓX , and a
SM bilinear Γf :
O = ΓXΓfF (s, t, u) . (1)
2F is a form factor which describes deviations from the structure of a pure contact interaction (if the form of F is
determined for a scattering interaction, it is determined for an annihilation process by crossing symmetry); for a
contact interaction, F = constant. F depends on the details of the particle physics model, including the mass of the
mediating particles, as well as nuclear form factors. On the other hand, at lowest dimension, ΓX and Γf are somewhat
more restricted and can be characterized by their Lorentz structure. If the interaction structure mediates a process
such as t-channel scattering, then the Lorentz structure will be determined by the spin and parity of the mediating
particle which is exchanged. But if the mediating particle is exchanged in the u- or s-channel for a scattering process,
then the interaction structure will be more complicated, and can be determined through use of Fierz transformations.
Our focus will be on the features that can be determined from knowledge of these bilinears. In the following, we
denote a quark field by q, a spin-0 dark matter field by φ, a spin-1/2 dark matter field by X , and a spin-1 dark matter
field by Bµ. A general fermion field (either dark matter or Standard Model) will be represented by ψ.
For simplicity, we focus on interactions only between dark matter and SM fermions, or with the Higgs. In Sections II
and III, we describe our computation of the scattering matrix elements and dark matter annihilation matrix elements,
respectively. In section IV we compile our results. In section V, we conclude with a discussion of interesting features
and deviations from standard lore that arise from the application of our analysis.
II. SCATTERING
The kinematics of a scattering process in the center of mass frame are determined by the relative velocity v
and the momentum transfer −→q . In addition to these kinematic variables, each bilinear can contain terms that
are either independent of spin, or depend on the spin matrix element. If the spin matrix element is a vector,
then it can be projected on any of three orthogonal axes. It is useful to define these three axes as qˆ = −→q /|−→q |,
vˆ⊥ = (−→v −−→v · qˆ)/|−→v −−→v · qˆ| and ηˆ = qˆ × vˆ⊥. In other words, each bilinear will be a sum of terms of the form
(...)〈ζout|Γ|ζin〉 , (2)
where (...) is a function of −→q and −→v , ζin,out is the spin state of the incoming and outgoing particle, respectively, and
Γ = 1, Sqˆ qˆ, Svˆ⊥ vˆ
⊥, Sηˆηˆ (if dark matter is spin-1, then there can also be spin matrix elements which transform as a
symmetric traceless tensor). Terms with Γ = 1 are spin-independent, while the others are spin-dependent.
The spin and kinematic dependence of these bilinears can most easily be understood from their transformation
properties under rotation and parity. Each bilinear can depend on only the incoming and outgoing momenta (which
are odd under parity) and the spin matrix element (which is even under parity). A bilinear with a single spatial index
transforms as a vector under rotations, while a bilinear with only timelike indices transforms as a scalar. A bilinear
must then consist of a sum of terms in which the momenta and spin are contracted in such a way as to have the
correct rotation and parity transformation properties.
For each bilinear interaction structure, these matrix elements are computed in Appendix A, and listed for conve-
nience in Table X. Also computed there are squared matrix elements, summed over all initial and final state spins.
By contracting a dark matter bilinear with a SM bilinear, one gets a possible interaction structure. From Table X,
one can determine the full momentum- and velocity-dependence of the spin-dependent and spin-independent matrix
elements for all such interaction structures.
Also from Table X, we see that there are only a few Lorentz structures for the Standard Model coupling such that
the nucleon matrix element is momentum- and velocity-independent. These are q¯q (SI), q¯γ0q (SI), q¯γiγ5q (SD), and
q¯σijq (SD).
III. ANNIHILATION
For the annihilation process, we are guided by the C and P quantum numbers of the initial and final state. We
assume that both the initial state and final state consist of a particle and its anti-particle, which may be identical to
the particle. For a fermion/anti-fermion state, the transformations under charge conjugation and parity are given by
C : (−1)L+S P : (−1)L+1 , (3)
while for a boson/anti-boson initial states, the transformations are given by
C : (−1)L+S P : (−1)L . (4)
The only allowed s-wave states are L = 0, S = 0 (J = 0); L = 0, S = 1 (J = 1); and L = 0, S = 2 (J = 2).
Consequently, we are primarily interested in initial and final states with J = 0, 1, 2. In Table I, we list the C and P
3S L J C P
0 0 0 + -
0 1 1 - +
1 0 1 - -
1 1 0,1,2 + +
1 2 1,2,3 - -
1 3 2,3,4 + +
S L J C P
0 0 0 + +
0 1 1 - -
1 0 1 - +
1 1 0,1,2 + -
1 2 1,2,3 - +
2 0 2 + +
2 1 1,2,3 - -
2 2 0,1,2,3,4 + +
2 3 1,2,3,4,5 - -
2 4 2,3,4,5,6 + +
TABLE I. The C and P transformation properties of a fermion/anti-fermion (left) or boson/anti-boson (right) state for given
S, L and J quantum numbers.
bilinear C P J state
ψ¯ψ + + 0 S = 1, L = 1
ıψ¯γ5ψ + - 0 S = 0, L = 0
ψ¯γ0ψ - + 0 none
ψ¯γiψ - - 1 S = 1, L = 0, 2
ψ¯γ0γ5ψ + - 0 S = 0, L = 0
ψ¯γiγ5ψ + + 1 S = 1, L = 1
ψ¯σ0iψ - - 1 S = 1, L = 0, 2
ψ¯σijψ - + 1 S = 0, L = 1
φ†φ + + 0 S = 0, L = 0
ıIm(φ†∂0φ) - + 0 none
ıIm(φ†∂iφ) - - 1 S = 0, L = 1
B†µB
µ + + 0 S = 0, L = 0; S = 2, L = 2
ıIm(B†ν∂
0Bν) - + 0 none
ıIm(B†ν∂
iBν) - - 1 S = 0, L = 1; S = 2, L = 1, 3
ı(B†iBj −B
†
jBi) - + 1 S = 1, L = 0, 2
ı(B†iB0 −B
†
0
Bi) - - 1 S = 0, L = 1; S = 2, L = 1, 3
ǫ0ijkBi∂jBk + - 0 S = 1, L = 1
−ǫ0ijkB0∂jBk + + 1 S = 2, L = 2
Bν∂νB0 + + 0 S = 0, L = 0; S = 2, L = 2
Bν∂νBi + - 1 S = 1, L = 1
TABLE II. The C, P and J quantum numbers of any state that can be either created or annihilated by the bilinear. For each
possible state, the S and L quantum numbers are also given.
eigenvalues for a fermion/anti-fermion state (left) or boson/anti-boson state (right) in terms of the angular momentum
quantum numbers.
For any bosonic or fermionic bilinear, the transformation of the bilinear under rotations determines the total
angular momentum of the state that this bilinear either creates or annihilates. This information, along with the C
and P quantum numbers of the bilinear, are thus sufficient to determine (from Table I) the spin and orbital angular
momentum of the initial and final state. The S and L quantum numbers of the states created (annihilated) by every
lowest-dimension bilinear are listed in Table II.
We see that the only dark matter bilinears that can couple to an s-wave initial state are ıX¯γ5X , X¯γiX , X¯γ0γ5X ,
X¯σ0iX , φ†φ, B†µB
µ, ı(B†iBj − B
†
jBi) and B
ν∂νB
0. Note that the structures ψ¯γ0ψ, ıIm(φ†∂0φ) and ıIm(B†ν∂
0Bν)
cannot couple to any state and cannot contribute to any non-zero annihilation matrix element.
The Standard Model fermion bilinear must be able to produce a final state with the same J quantum number as
the initial state (though the C and P transformations need not be the same, since a general interaction structure can
4S L J Jz = Sz fermion helicities
0 0 0 0 fL, f¯R; fR, f¯L
1 0 1 1 fR, f¯R
1 0 1 0 fL, f¯R; fR, f¯L
1 0 1 -1 fL, f¯L
0 1 1 0 fL, f¯R; fR, f¯L
1 1 0 0 fL, f¯R; fR, f¯L
1 1 1 1 fR, f¯R
1 1 1 0 -
1 1 1 -1 fL, f¯L
1 2 1 1 fR, f¯R
1 2 1 0 fL, f¯R; fR, f¯L
1 2 1 -1 fL, f¯L
TABLE III. The possible fermion and anti-fermion helicities of a fermion/anti-fermion state with given S, L, J and Jz quantum
numbers. It is assumed that the fermion is travelling on the +z-axis, and the anti-fermion is travelling on the −z-axis. f¯L,R
denotes the CP -conjugate of fL,R (so, for example, f¯L is a right-handed anti-fermion ).
violate either symmetry). Thus, the spin and orbital angular momentum of the final and initial state may be different.
Finally, we address the question of whether or not there is a chirality-suppression (∝ m2f/m
2
X) of the annihilation
matrix element. This suppression arises if a SM mass insertion is required to produce a final state with the appropriate
spin. An outgoing state of SM fermions f¯f can only be in a Sz = 0 state if the fermion and anti-fermion are from
different Weyl spinors (fL and fR). They are in an Sz = ±1 state if the fermion and anti-fermion are from the same
Weyl spinor. We take the z-axis to lie along the direction of motion of the outgoing fermion and anti-fermion, so
Lz = 0, and Jz = Sz. (Note that for particles moving along the z-axis it is clear that Lz = 0, because Ylm(θ = 0, φ) 6= 0
only if m = 0.)
In Table III, we list the possible fermion and anti-fermion helicities for final states with fixed choices of S, L, J
and Jz . We assume that the fermion moves along the +z-axis and the anti-fermion along the −z-axis, and that
the initial state is written in a basis with angular momentum projected along the z-axis. In our notation, f¯L is a
right-handed anti-fermion, the CP -conjugate of fL. For a SM bilinear to produce one of the listed final states, it must
be able to produce a state with appropriate S, L and J quantum numbers. The helicities of the produced fermion
and anti-fermion are then determined by the number of Dirac matrices in the bilinear; a bilinear with an even number
of Dirac matrices will produce a fermion/anti-fermion pair from the same Weyl spinor, while a bilinear with an odd
number of Dirac matrices will produce a pair from different Weyl spinors. If a bilinear does not produce a fermion
and anti-fermion of the needed helicities, then there will be a chirality flip arising from a mass-insertion.
We can now bring together all of the pieces which contribute to an understanding of the annihilation matrix element.
The procedure is as follows:
• For each interaction structure, we find the C and P transformations and J quantum number of the dark matter
bilinear, and from this identify the initial state that can couple to this bilinear; s-wave annihilation is only
permitted if this state has L = 0.
• We then determine if the Standard Model bilinear can create a final state with the same J as the initial state.
If so, the matrix element for annihilation from the initial state to the appropriate final state is non-zero.
• We then check if the matrix element has an additional mf/mX chirality suppression. For each Jz projection of
the final state, we find the helicities of the final state fermion and anti-fermion. If there is no choice of Jz for
which the SM bilinear can produce fermions with the appropriate helicities, then the annihilation cross section
is suppressed by m2f/m
2
X .
In Appendix B, we list the matrix elements arising from fermion/anti-fermion creation or annihilation, for all choices
of interaction structure. In the interest of generality, the anti-fermion is not assumed to be the anti-particle of the
fermion, and the two particles are allowed to have different masses. These matrix elements can thus be used for the
case of dark matter co-annihilation, or if dark matter annihilates through a flavor-violating process. The standard
case can be obtained by setting the masses of the two particles to be equal.
5IV. RESULTS
We summarize our results in the following four tables. In Table IV, we list the dependence of the spin-independent
and spin-dependent scattering matrix elements on
−→
S , −→q and v⊥. For each structure, we indicate whether the
momentum or velocity dependence arises from the dark matter or Standard Model bilinear. For interactions structures
that yield several matrix element terms with different kinematic dependence, the kinematic dependence of each
term is listed on a separate line. We also list if each interaction permits s-wave annihilation, and (if so) whether
or not s-wave annihilation is chirality-suppressed. Note that, using Lorentz gauge, one can rewrite Bν∂
νBµ as
∂ν(BνBµ) = ∂
ν [(1/4)gµνB
ρBρ+BνBµ(sym)], where “(sym)” means symmetric and traceless in the µν indices. Note
also that, although operator V8 permits annihilation from an s-wave dark matter initial state, the matrix element
nevertheless has an additional v2-suppression which arises because it depends on the time-like component of the
polarization vector, and thus vanishes in the non-relativistic limit.
Name Interaction Structure σSI suppression σSD suppression s-wave?
F1 X¯Xq¯q 1 q2v⊥2 (SM) No
F2 X¯γ5Xq¯q q2 (DM) q2v⊥2 (SM); q2 (DM) Yes
F3 X¯Xq¯γ5q 0 q2 (SM) No
F4 X¯γ5Xq¯γ5q 0 q2 (SM); q2 (DM) Yes
F5 X¯γµXq¯γµq 1 q
2v⊥2 (SM) Yes
(vanishes for Majorana X) q2 (SM); q2 or v⊥2 (DM)
F6 X¯γµγ5Xq¯γµq v
⊥2 (SM or DM) q2 (SM) No
F7 X¯γµXq¯γµγ
5q q2v⊥2 (SM); q2 (DM) v⊥2 (SM) Yes
(vanishes for Majorana X) v⊥2 or q2 (DM)
F8 X¯γµγ5Xq¯γµγ
5q q2v⊥2 (SM) 1 ∝ m2f/m
2
X
F9 X¯σµνXq¯σµνq q
2 (SM); q2 or v⊥2 (DM) 1 Yes
(vanishes for Majorana X) q2v⊥2 (SM)
F10 X¯σµνγ5Xq¯σµνq q
2 (SM) v⊥2 (SM) Yes
(vanishes for Majorana X) q2 or v⊥2 (DM)
S1 φ†φq¯q or φ2q¯q 1 q2v⊥2 (SM) Yes
S2 φ†φq¯γ5q or φ2q¯γ5q 0 q2 (SM) Yes
S3 φ†∂µφq¯γ
µq 1 q2v⊥2 (SM) No
q2 (SM); v⊥2 (DM)
S4 φ†∂µφq¯γ
µγ5q 0 v⊥2 (SM or DM) No
V1 B†µB
µq¯q or BµB
µq¯q 1 q2v⊥2 (SM) Yes
V2 B†µB
µq¯γ5q or BµB
µq¯γ5q 0 q2 (SM) Yes
V3 B†ν∂µB
ν q¯γµq 1 q2v⊥2 (SM) No
q2 (SM); v⊥2 (DM)
V4 B†ν∂µB
ν q¯γµγ5q 0 v⊥2 (SM or DM) No
V5 (B†µBν −B
†
νBµ)q¯σ
µνq q2v⊥2 (SM) 1 Yes
V6 (B†µBν −B
†
νBµ)q¯σ
µνγ5q q2 (SM) v⊥2 (SM) Yes
V7 B†ν∂
νBµq¯γ
µq or Bν∂
νBµq¯γ
µq v⊥2 (SM); q2 (DM) q2 (SM); q2 (DM) No
V8 B†ν∂
νBµq¯γ
µγ5q or Bν∂
νBµq¯γ
µγ5q q2v⊥2 (SM); q2 (DM) q2 (DM) ∝ m2f/m
2
X
V9 ǫµνρσB†ν∂ρBσ q¯γµq or ǫ
µνρσBν∂ρBσ q¯γµq v
⊥2 (DM or SM) q2 (SM) No
V10 ǫµνρσB†ν∂ρBσ q¯γµγ
5q or ǫµνρσBν∂ρBσ q¯γµγ
5q q2v⊥2 (SM) 1 No
TABLE IV. The kinematic suppression of the spin-independent and spin-dependent scattering cross sections for all possible
interaction structures. F1-F10 correspond to fermionic dark matter (with F5, F7, F9 and F10 absent for Majorana fermions),
S1-S4 correspond to real or complex scalar dark matter, V1-V10 to real or complex vector dark matter. Each suppression is
labelled to indicate if it arises from the SM or dark matter (DM) bilinear. If a cross section contains several terms with different
kinematic suppressions, each is listed on a separate line. We also list if s-wave annihilation is permitted and unsuppressed, if it
is chirality-suppressed by a factor ∝ m2f/m
2
X , or if it is not permitted at all; although the interactions are expressed in terms
of quark fields q, by a slight abuse of notation we allow for annihilation to any pair of SM fermions f¯f , each of mass mf .
6J Sinit Linit Sfinal Lfinal Interaction structure
0 0 0 0 0 X¯γ5Xq¯γ5q, X¯γ0γ5Xq¯γ0γ5q
0 0 0 1 1 X¯γ5Xq¯q
0 1 1 0 0 X¯Xq¯γ5q
0 1 1 1 1 X¯Xq¯q
1 0 1 0 1 X¯σijXq¯σijq
1 0 1 1 0 X¯σijXq¯σijγ5q
1 1 0 0 1 X¯σijγ5Xq¯σijq
1 1 0 1 0 X¯γiXq¯γiq, X¯σijγ5Xq¯σijγ5q
1 1 1 1 1 X¯γiγ5Xq¯γiγ5q
1 1 0 1 1 X¯γiXq¯γiγ5q
1 1 1 1 0 X¯γiγ5Xq¯γiq
0 0 0 0 0 B†µB
µq¯γ5q, Bν∂νB0q¯γ
0γ5q
0 0 0 1 1 B†µB
µq¯q
0 1 1 0 0 ǫ0ijkBi∂jBkq¯γ
0γ5q
1 0 1 0 1 ı(B†iB0 −B
†
iB0)q¯σ
0iγ5q
1 0 1 1 0 ı(B†iB0 −B
†
iB0)q¯σ
0iq, ıIm(B†ν∂iB
ν)q¯γiq
1 0 1 1 1 ıIm(B†ν∂iB
ν)q¯γiγ5q
1 1 0 0 1 ı(B†iBj −B
†
iBj)q¯σ
ijq
1 1 0 1 0 ı(B†iBj −B
†
iBj)q¯σ
ijγ5q
1 1 1 1 0 Bν∂νBiq¯γ
iq
1 1 1 1 1 Bν∂νBiq¯γ
iγ5q
1 2 2 1 0 ǫ0ijkBj∂0Bk q¯γiq
1 2 2 1 1 ǫ0ijkBj∂0Bkq¯γiγ
5q
TABLE V. The interaction structures that can annihilate an initial state with quantum numbers Sinit, Linit and J and create
a final state with quantum numbers Sfinal, Lfinal and J . If two interaction structures are listed on the same line, then they
can interfere in an annihilation process.
A. Interference
Of course, it is certainly possible for dark matter to couple to Standard Model matter through a sum of several
effective interaction structures. In that case, it is important to understand if these operators can interfere. For
the annihilation process, interference can only occur between structures that annihilate states of the same quantum
numbers (S, L and J) and create states of the same quantum numbers. Table V indicates the interaction structures
that can connect initial and final states for all possible combinations of quantum numbers; interaction operators that
appear on the same line can interfere with one another in annihilation processes. In particular, interference between
two interactions structures can only occur for s-wave annihilation. It can be seen from Table II that if dark matter
is spin-0, then there are no interference terms.
We now consider interference between different interaction structures in scattering processes. As we have seen, each
of the SM or dark matter bilinears depends on a spin matrix element which is either spin-independent (1) or depends
on a spin projection (Sqˆ, Svˆ⊥ or Sηˆ, if the dark matter spin matrix element is a vector). For the full interaction
structure, there are sixteen possible choices of the full spin matrix element. The four choices that are independent
of the quark spin (but may or may not depend on the dark matter spin) yield spin-independent scattering, while
the remaining twelve choices yield spin-dependent scattering. Two interaction structures can interfere in a scattering
process only if they have the same full spin matrix element. Two operators that couple to different spin projections
will not interfere as the interference terms vanish on summing over spins.
We denote the four choices of the spin-independent matrix element by the numbers 1-4, and the twelve choices of
the spin-dependent matrix element by the letters A-L. We list in Table VI, for each interaction structure for spin-1/2
dark matter, the leading spin matrix elements. If an interaction structure contains terms with multiple spin matrix
elements, then they are listed on separate lines. Note, it is possible for two operators to each interfere with a third,
even if they cannot interfere with each other. In Table VII we list the leading spin matrix elements if dark matter is
spin-0, and in Table VIII we list the spin matrix elements for spin-1 dark matter. Note that, for spin-0 dark matter, it
is not necessary to list the dark matter spin matrix element, which is always trivial. Thus, all interaction structures can
7Interaction Structure SI (SX -dep.) SD (SX -dep.) SD (SSM -dep.) SI Class SD Class
F1 X¯Xq¯q 1 1 Sηˆ 1 C
F2 X¯γ5Xq¯q Sqˆ Sqˆ Sηˆ 2 F
F3 X¯Xq¯γ5q - 1 Sqˆ - A
F4 X¯γ5Xq¯γ5q - Sqˆ Sqˆ - D
F5 X¯γµXq¯γµq 1 1 Sηˆ 1 C
(vanishes for Majorana X) Svˆ⊥ Svˆ⊥ H
Sηˆ Sηˆ L
F6 X¯γµγ5Xq¯γµq Svˆ⊥ Sηˆ Svˆ⊥ 3 K
Svˆ⊥ Sηˆ I
F7 X¯γµXq¯γµγ
5q Svˆ⊥ 1 Svˆ⊥ 3 B
(vanishes for Majorana X) Svˆ⊥ Sηˆ I
Sηˆ Svˆ⊥ K
F8 X¯γµγ5Xq¯γµγ
5q Sηˆ Sqˆ Sqˆ 4 D
Svˆ⊥ Svˆ⊥ H
Sηˆ Sηˆ L
F9 X¯σµνXq¯σµνq 1 , Sηˆ Sqˆ Sqˆ 1, 4 D
(vanishes for Majorana X) Svˆ⊥ Svˆ⊥ H
Sηˆ Sηˆ L
F10 X¯σµνγ5Xq¯σµνq Sqˆ 1 Sqˆ 2 A
(vanishes for Majorana X) Sqˆ Sηˆ F
Sηˆ Sqˆ J
TABLE VI. For each interaction structure, we indicate if the scattering matrix element is independent of the dark matter
or SM spin (1), or if it depends on the projection of the spin on any of three orthogonal axes: the direction of momentum
transfer (qˆ), the direction of the relative velocity transverse to the momentum transfer (vˆ⊥), or the direction perpendicular to
qˆ and vˆ⊥ (ηˆ = qˆ × vˆ⊥). If an interaction structure yields several terms with different spin component dependence, they are
listed on separate lines. The sixteen possible couplings to dark matter and nucleon spin are divided into four classes (1-4) that
are independent of the nucleon spin, and twelve classes (A-L) that are nucleon spin-dependent. For each structure, all of its
coupling classes are listed; if two interaction structures are listed in the same class, then they can interfere.
Interaction Structure SD (SSM -dep.)
S1 φ†φq¯q or φ2q¯q Sηˆ
S2 φ†φq¯γ5q or φ2q¯γ5q Sqˆ
S3 φ†∂µφq¯γ
µq Sηˆ
S4 φ†∂µφq¯γ
µγ5q Svˆ⊥
TABLE VII. Similar to Table VI, but for spin-0 dark matter. Thus, there is no dependence on the dark matter spin. All of
these structures can interfere for spin-independent scattering. For spin-dependent scattering, two interaction structures can
interfere if they couple to the same projection of the nucleon spin.
interfere for spin-independent scattering of spin-0 dark matter. There is interference in the spin-dependent scattering
matrix element if two structures couple to the same nucleon spin matrix element. For spin-1 DM, the interaction
structures V7 and V8 couple to a dark matter spin matrix element that transforms as a traceless symmetric tensor,
denoted by Π. We represent it by its components in the orthogonal basis defined by qˆ, vˆ⊥ and ηˆ.
If two interaction structures can interfere, but their matrix elements scale with different powers of q and v⊥, then
the interference terms will be small unless one of the structures has a very small coefficient. But if two interfering
interaction structures are suppressed by the same number of powers of q and v⊥, then the interference terms will be
significant as long as the coefficients are comparable. In Table IX, we list each interaction structure according to the
number of powers of q or v⊥ that appear in the SI (top) or SD (bottom) matrix element. Interaction structures that
appear within parentheses can interfere.
8Interaction Structure SI (SX -dep.) SD (SX -dep.) SD (SSM -dep.) SI Class SD Class
V1 B†µB
µq¯q or BµB
µq¯q 1 1 Sηˆ 1 C
V2 B†µB
µq¯γ5q or BµB
µq¯γ5q - 1 Sqˆ - A
V3 B†ν∂µB
ν q¯γµq 1 1 Sηˆ 1 C
V4 B†ν∂µB
ν q¯γµγ5q - 1 Svˆ⊥ 1 B
V5 (B†µBν −B
†
νBµ)q¯σ
µνq Sηˆ Sqˆ Sqˆ 4 D
Svˆ⊥ Svˆ⊥ H
Sηˆ Sηˆ L
V6 (B†µBν −B
†
νBµ)q¯σ
µνγ5q Sqˆ Sqˆ Sηˆ 2 F
Sηˆ Sqˆ J
V7 B†ν∂
νBµq¯γ
µq or Bν∂
νBµq¯γ
µq Πqˆvˆ⊥ Πqˆvˆ⊥ Sηˆ
Πqˆηˆ Svˆ⊥
V8 B†ν∂
νBµq¯γ
µγ5q or Bν∂
νBµq¯γ
µγ5q Sqˆ Πqˆvˆ Svˆ 2
Πqˆηˆ Πqˆqˆ Sqˆ
Πqˆηˆ Sηˆ
V9 ǫµνρσB†ν∂ρBσ q¯γµq or ǫ
µνρσBν∂ρBσ q¯γµq Svˆ⊥ Svˆ⊥ Sηˆ 3 I
Sηˆ Svˆ⊥ K
V10 ǫµνρσB†ν∂ρBσ q¯γµγ
5q or ǫµνρσBν∂ρBσ q¯γµγ
5q Sηˆ Sqˆ Sqˆ 4 D
Svˆ⊥ Svˆ⊥ H
Sηˆ Sηˆ L
TABLE VIII. Similar to Table VI, but for spin-1 dark matter. For structures V7 and V8, the dark matter spin bilinear is a
traceless symmetric tensor represented by Π with components in the orthogonal basis defined by qˆ, vˆ⊥ and ηˆ. Note that V7
and V8 cannot interfere with any other structure.
Powers of q and v⊥ Interaction structures
SI 0 (X¯Xq¯q, X¯γµXq¯γµq)
2 (X¯γ5Xq¯q, X¯σµνγ5Xq¯σµνq), X¯γ
µγ5Xq¯γµq
4 (X¯γµγ5Xq¯γµγ
5q, X¯σµνXq¯σµνq)
6 X¯γµXq¯γµγ
5q
SD 0 (X¯γµγ5Xq¯γµγ
5q , X¯σµνXq¯σµνq)
2 (X¯Xq¯γ5q, X¯σµνγ5Xq¯σµνq), (X¯γ
µγ5Xq¯γµq, X¯γ
µXq¯γµγ
5q)
4 (X¯Xq¯q, X¯γµXq¯γµq), X¯γ
5Xq¯γ5q
6 X¯γ5Xq¯q
TABLE IX. The number of powers of q and v⊥ that appear in the spin-independent and spin-dependent scattering cross section
for each interaction structure (if dark matter is spin-1/2). Interaction structures that are listed together in parentheses can
interfere and have the same kinematic suppression.
V. INTERESTING FEATURES AND DEVIATIONS FROM THE STANDARD LORE
These results lead to some interesting observations, including deviations from the standard lore which arise from
consideration of more general models than WIMPs of a constrained version of the MSSM. We find:
1. The standard lore is that neutralino annihilation to the light Higgs (XX → hh) is necessarily p-wave sup-
pressed [11]. In fact, we see from our analysis that the annihilation of Majorana fermion dark matter to
identical scalars is either p-wave suppressed or suppressed by CP -violating phases [12]. Since the final state
consists of identical scalars with S = 0, symmetry of the wavefunction requires that L must be even. If the
initial state is S = 0, L = 0, J = 0, CP -odd, then the final state of identical bosons must be S = 0, L = 0,
J = 0, CP -even, and there must be CP -violation in the annihilation matrix element. The relevant interaction
structure is then X¯γ5Xhh. If the initial state is S = 1, L = 1, CP -even, then the matrix element is p-wave
suppressed.
9More generally, there are interesting interaction structures which are CP -violating and usually ignored – so
some “suppressed” annihilation channels can be open if new physics is CP -violating.
2. The lore is that, if dark matter is a Majorana fermion, then s-wave annihilation to SM fermions is chirality
suppressed. In fact, we find that this is only true if the term in the dark matter bilinear which annihilates
the s-wave initial state couples to the time component of a pseudovector Standard Model bilinear. For other
interaction structures, there need not be any chirality suppression. From the point of view of the microscopic
theory, these interaction structures can arise from any new physics which interacts with both Weyl spinors,
including sfermion-mixing, heavy fermions, etc. Although sfermion-mixing contributions to the matrix element
are often assumed to scale as mf/mX , this is only true if one makes certain assumptions (such as minimal flavor
violation) about the flavor structure of the theory.
As a concrete example, consider models of isospin-violating dark matter [13, 14] that have been entertained in
the context of recent signals of low-mass dark matter [14]. The contribution to the spin-independent matrix
element from s- and u-channel squark exchange can be sizable if left-handed and right-handed squarks mix;
squark-mixing for first generation squarks can therefore contribute to isospin violation. A consequence of this
squark mixing is the presence of interaction structures other than pseudovector exchange [15], that can contribute
to s-wave annihilation to fermions which is not chirality-suppressed.
3. If the SM fermion bilinear is pseudoscalar (q¯γ5q), then the spin-independent scattering matrix element vanishes,
including velocity- or momentum-suppressed terms [9]. This can be understood simply from the Lorentz struc-
ture of the interaction; one cannot construct a nucleon matrix element which is invariant under rotations and
odd under parity unless it depends on the nucleon spin.
Interestingly, if the SM fermion bilinear is pseudovector (q¯γµγ5q) and the dark matter is spin-0, then the spin-
independent scattering matrix element is zero. Again, this can be understood from the Lorentz structure of the
interaction. A spin-independent fermion bilinear matrix element with the rotation and parity transformation
properties needed for a pseudovector coupling must be a vector proportional to −→v ⊥×−→q . A non-vanishing scalar
can only be produced if this vector is contracted with a dark matter spin polarization, which is not present for
spin-0 dark matter. In fact, if dark matter is spin-1, then the V4 interaction structure will also have exactly
vanishing SI matrix element, because this interaction structure does not depend on the dark matter spin. Note
that these interaction structures involving q¯γµγ5q with exactly vanishing SI-matrix element are all CP -violating.
An interesting corollary of this result is that, if it can be shown that SM quarks couple to dark matter through
exchange of a pseudovector, and if a spin-independent scattering cross section can be measured (even if velocity-
or momentum-suppressed), then dark matter cannot be spin-0. As dark matter direct detection experiments
increase in sensitivity, this result may have useful applications.
4. For spin-1/2 dark matter, only two sets of interaction structures can interfere in an annihilation process, and
both sets annihilate an L = 0 state. Only one is relevant for Majorana fermion dark matter. If interference
occurs for p-wave annihilation, then dark matter must be spin-1. Spin-0 dark matter does not exhibit interference
in annihilation processes.
5. For both SI and SD scattering processes, the interaction structures whose matrix elements have no velocity-
or momentum-suppression can interfere with each other. But for interaction structures with momentum or
velocity-suppressed scattering matrix elements, interference effects may be small. For example, the structure
X¯γµγ5Xq¯γµq yields a spin-independent scattering cross section which is suppressed by v
⊥2, but can only interfere
with interaction structures whose SI matrix element is suppressed by even more powers of q or v⊥. For this
interaction structure, interference effects will be small unless it has a very small coefficient.
6. Note that these results do not depend on whether or not the dark matter-SM interaction is short-ranged. A
non-contact interaction can induce additional form factors in the scattering matrix element, but the kinematic
suppressions found here will always be present. Similarly, although dark matter annihilation can receive ad-
ditional suppression if the interaction is non-contact, the results regarding which interaction structures yield
s-wave or p-wave annihilation are independent of whether or not the interaction is short-ranged.
7. Most of these interaction structures are dimension 6. In a collider production process (pp → X¯X), these
operators will receive an ∼ (E/Λ)2 enhancement, where E is the energy scale of the dark matter production
process and Λ is the suppression scale of the effective operator. The dimension 5 interaction structures are S1,
S2, V1, V2, V5 and V6; these dimension 5 structures will only receive an E/Λ enhancement. But if dark matter
is a spin-1 particle, then the matrix element can receive additional E/mX enhancements from longitudinal
polarization tensors. In particular, an interaction structure will receive an E/mX enhancement if only one of
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the dark matter particles is longitudinally polarized, while a factor (E/mX)
2 arises if both are. Scalar dark
matter which interacts through interaction structures S1 and S2 will have suppressed monojet/monophoton
production rates at the LHC [10]. These features can be used to distinguish between different interaction
structures.
8. One can potentially distinguish the dark matter-SM interaction structure by combining information from indi-
rect, direct and collider search strategies. As an example, we see that if dark matter is a Majorana fermion,
then the only interaction structure which permits spin-independent scattering without velocity- or momentum-
suppression is X¯Xq¯q (F1). But if dark matter is a Dirac fermion, then there is another interaction structure
which permits unsuppressed SI-scattering; X¯γµXq¯γµq (F5). It is difficult to distinguish these possibilities with
direct detection experiments, but they can be distinguished by the event rates at indirect detection experi-
ments [10], since the first operator permits only p-wave annihilation (which is highly suppressed) while the
second operator allows annihilation from an s-wave state. However, if dark matter is a real scalar, then the
operator φ2q¯q (S1) also permits unsuppressed SI-scattering and s-wave annihilation. This structure can be
distinguished from the previous two by monojet and monophoton searches at the LHC; since this operator is
dimension 5, it does not receive as large an energy enhancement as the other operators [10]. But if dark matter
is spin-1 or is a complex spin-0 particle, then there are other interaction structures which can yield unsuppressed
SI-scattering (S3, V1, V3). Interaction structures V1 and V3 will yield an LHC production rate with a large
enhancement due to the longitudinal polarization tensors. This may permit them to be distinguished from the
other interactions structures (and may be distinguished from each other because V1 allows s-wave annihila-
tion, while V3 does not). However, it is difficult to distinguish structures F1 and S3 without a more detailed
analysis. Unfortunately, the spin-dependent scattering cross section is not very useful in distinguishing these
two possibilities, since both interaction structures yield spin-dependent cross sections suppressed by the factor
q2v⊥2.
9. If the mass of the mediating particle is small compared to the dark matter mass or the collider production energy
scale, then the form factor F will scale as E−2 for a production or annihilation process. Then, the rate of dark
matter annihilation or production at colliders will be suppressed. On the other hand, striking signals of the
mediating particle at a collider experiment may then be possible [16]. Combined studies of indirect detection
and collider production rates can thus provide independent probes of the mass of the particles which mediate
the dark matter interaction.
10. Many directional detection experiments are either operating or under construction [17]. For such experiments,
the magnitude and direction of −→q can be measured on an event by event basis. With a sufficient number of
events at such a detector, one can potentially distinguish a dependence on q from a dependence on v⊥. One
interesting question has been the possibility of dark matter astronomy: the possibility of probing the dark
matter velocity distribution using the event rate of direct detection experiments. A difficulty is that the event
rate really probes the integral of the velocity distribution. But since the v-dependence of the spin-dependent
and spin-independent matrix elements are generally different, measurements from directional detectors sensitive
to SI and SD scattering can potentially probe two independent moments of the velocity distribution. This may
permit a more detailed study of the velocity distribution of dark matter.
These are immediate and general results which arise from a study of generic dark matter interaction structures in
the formalism which we have described here. An interesting long-term program for future study is the use of this
formalism to determine the prospects for distinguishing the nature of dark matter interactions from the many data
sets that are becoming available though direct, indirect and collider experiments. And if a clear indication of dark
matter interactions is discovered, the next step would be to utilize this formalism to piece together the full dark
matter-SM interaction structure.
Acknowledgments. J. K. (D. M.) thanks the University of Kansas (Hawaii) for its hospitality while this work
was in progress. We are grateful to A. Berlin, K. Fukushima, D. Hooper, W.-Y. Keung, S. McDermott, P. Sandick,
P. Stengel and B. Thomas for useful discussions. This research was supported in part by DOE grants DE-FG02-
04ER41291 and DE-FG02-04ER41308.
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bilinear spin-independent spin-dependent
ψ¯ψ 2mX
(
ξ′†ξ
)
ı µ
mX
ǫijkqiv⊥j
(
ξ′†Sˆkξ
)
ψ¯γ5ψ 0 −2qi
(
ξ′†Sˆiξ
)
φ†φ 1 0
B†µB
µ ǫ′† · ǫ 0
ψ¯γ0ψ 2mX
(
ξ′†ξ
)
−ı µ
mX
ǫijkqiv⊥j
(
ξ′†Sˆkξ
)
ψ¯γ0γ5ψ 0 −4µv⊥i
(
ξ′†Sˆiξ
)
−Im(φ†∂0φ) mX 0
−Im(B†ν∂
0Bν) mXǫ
′†
· ǫ 0
ǫ0ijkBi∂jBk 0 −2ıµǫ
ijkv⊥i ǫjǫ
′
k
ψ¯γiψ 2µv⊥i
(
ξ′†ξ
)
2ıǫijkqj
(
ξ′†Sˆkξ
)
ψ¯γiγ5ψ −ı µ
2mX
ǫijkv⊥jqk
(
ξ′†ξ
)
−4mX
(
ξ′†Sˆiξ
)
−Im(φ†∂iφ) µv⊥i 0
−Im(B†ν∂
iBν) µv⊥iǫ′† · ǫ 0
ǫ0ijkBj∂0Bk 0 2ımXǫ
ijkǫjǫ
′
k
ψ¯σ0iψ qi
(
ξ′†ξ
)
4ıµǫijkv⊥
j (
ξ′†Sˆkξ
)
ψ¯σijψ − µ
2mX
(qiv⊥j − qjv⊥i)
(
ξ′†ξ
)
−4ımXǫ
ijk
(
ξ′†Sˆkξ
)
ı(B†iBj −B†jBi) 0 ı(ǫ′†iǫj − ǫ′†jǫi)
BiBj(sym) 0 ǫ′iǫj(sym)
TABLE X. For each bilinear for spin-0 (φ), spin-1/2 (ψ) and spin-1 (Bµ) particles, we list the spin-independent and spin-
dependent scattering matrix element at leading order. In the last row, “(sym)” means symmetric and traceless in the ij
indices. The spinor bilinears of the Standard Model can be obtained by the substitutions, qi → −qi, v⊥i → −v⊥i, mX → mf ,
ξ → ζ.
Appendix A: Scattering matrix elements
In Table X, we summarize the bilinear spin matrix elements for an incoming dark matter particle of mass mX with
momentum
−→
k = µ−→v and an outgoing particle with momentum
−→
k′ =
−→
k − −→q , where µ = mXmf/(mX +mf ) is the
reduced mass of the dark matter-nucleon system, −→v is the relative velocity of the dark matter and the target nucleon,
and the ξ’s are two-component spinors; v⊥ is defined below. If dark matter is spin-1, then ǫµ is its polarization
vector. The spinor bilinears of the Standard Model are related to those for the dark matter bilinears by −→q → −−→q ,
−→v → −−→v , mX → mf , ξ → ζ. We have grouped together terms that have the same Lorentz structure, but including
the possibility of parity violation. The entries of the table are derived below.
In the center of mass frame, the incoming and outgoing four-momenta of the nucleon, p and p′, and the incoming
and outgoing four-momenta of the dark matter, k and k′, to first order in the three-momenta, are
p =
(√
m2f +
−→p 2,−→p
)
∼
(
mf ,−→p
)
,
p′ =
(√
m2f + (
−→p +−→q )2,−→p +−→q
)
∼
(
mf ,−→p +−→q
)
,
k =
(√
m2X +
−→
k
2
,
−→
k
)
∼
(
mX ,
−→
k
)
,
k′ =
(√
m2X + (
−→
k −−→q )2,
−→
k −−→q
)
∼
(
mX ,
−→
k −−→q
)
. (A1)
It is useful to define v⊥ via
2
−→
k −−→q = −(2−→p +−→q ) = 2µv⊥ ≡ 2µ
(−→q ×−→v )×−→q
|−→q |2
. (A2)
We compute spinor bilinear matrix elements of the form
X¯ΓX , (A3)
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where Γ is a Dirac structure. Where helpful, we also compute the square of the matrix element, summed over initial
and final spins.
We write our spinors as
u(p) =
(
p · σ +mf√
2(p0 +mf )
ζ
p · σ¯ +mf√
2(p0 +mf )
ζ
)T
,
u(k) =
(
k · σ +mX√
2(k0 +mX)
ξ
k · σ¯ +mX√
2(k0 +mX)
ξ
)T
. (A4)
1. Scalar
For a scalar Lorentz structure (Γ = 1), the matrix element is invariant under rotations and even under parity. It
can therefore only contain terms that are either constant, or proportional to
−→
p′ · −→p or
−→
p′ ×−→p ·
−→
S .
We get
Ms = u¯(p
′)u(p)
=
1√
(p′0 +m)(p0 +m)
ζ′†
[
m2 + p′ · p− ıǫijkp′ipjσk +m(p′0 + p0)
]
ζ
∼ 2m
(
ζ′†ζ
)
−
ı
m
ǫijkp′ipj
(
ζ′†Sˆkζ
)
. (A5)
The dominant term is spin-independent, and the spin-dependent term is suppressed.
Then, the Standard Model matrix element is
Ms(SM) ∼ 2mf
(
ζ′†ζ
)
−
ı
mf
ǫijkqipj
(
ζ′†Sˆkζ
)
∼ 2mf
(
ζ′†ζ
)
+ ı
µ
mf
ǫijkqiv⊥j
(
ζ′†Sˆkζ
)
, (A6)
and the dark matter matrix element is
Ms(X) ∼ 2mX
(
ξ′†ξ
)
+
ı
mX
ǫijkqikj
(
ξ′†Sˆkξ
)
∼ 2mX
(
ξ′†ξ
)
+ ı
µ
mX
ǫijkqiv⊥j
(
ξ′†Sˆkξ
)
. (A7)
If dark matter is spin-0 and the bilinear has a scalar Lorentz structure (φ†φ), then the matrix element is
Mspin−0
s(X) = 1 . (A8)
Similarly, if dark matter is a real or complex spin-1 and the bilinear has a scalar Lorentz structure (B†µB
µ), then the
matrix element is
Mspin−1
s(X) = ǫ
′† · ǫ , (A9)
where ǫ and ǫ′ are polarization vectors.
2. Pseudoscalar
For a bilinear with pseudoscalar Lorentz structure, the matrix element is invariant under rotations, but odd under
parity. It must then be proportional to either −→p ·
−→
S or
−→
p′ ·
−→
S . The matrix element is given by
Mps = u¯(p
′)γ5u(p)
=
1√
(p′0 +m)(p0 +m)
ζ′†
[
(p0 +m)(
−→
p′ · −→σ )− (p′0 +m)(−→p · −→σ )
]
ζ
∼ (
−→
p′ −−→p ) · ζ′†−→σ ζ ∼ 2(p′ − p)i
(
ζ′†Sˆiζ
)
, (A10)
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which gives
Mps(SM) = u¯(p
′)γ5u(p) ∼ 2qi
(
ζ′†Sˆiζ
)
,
Mps(X) = u¯(k
′)γ5u(k) ∼ −2qi
(
ξ′†Sˆiξ
)
. (A11)
This structure is spin-dependent and velocity-dependent; interestingly, there is no spin-independent term at all.
3. Vector
For a bilinear with vector Lorentz structure, the time-like component is invariant under rotations and parity. So it
can either be a constant, or be proportional to
−→
p′ ×−→p ×
−→
S . The space-like components must rotate as a vector, but
be odd under parity. They may then contain terms that are proportional to either
−→
p′ , −→p ,
−→
p′ ×
−→
S or −→p ×
−→
S .
We get
M0v = u¯(p
′)γ0u(p)
=
1√
(p′0 +m)(p0 +m)
ζ′†
[
(p′0 +m)(p0 +m) +
−→
p′ · −→p + ıǫijkp′ipjσk
]
ζ
∼ 2m
(
ζ′†ζ
)
+
ı
m
ǫijkp′ipj
(
ζ′†Sˆkζ
)
, (A12)
Miv = u¯(p
′)γiu(p)
=
1√
(p′0 +m)(p0 +m)
ζ′†
[
(m+ p0)p′i + (m+ p′0)p
i + ı(m+ p′0)ǫijkpjσk − ı(m+ p0)ǫijkp′jσk
]
ζ
∼ (p′ + p)i
(
ζ′†ζ
)
+ 2ıǫijk(p− p′)j
(
ζ′†Sˆkζ
)
. (A13)
The leading term of this matrix element is spin-independent, but there are also momentum-suppressed spin-dependent
terms.
We thus find, for the SM matrix elements,
M0v(SM) ∼ 2mf
(
ζ′†ζ
)
+
ı
mf
ǫijkqipj
(
ζ′†Sˆkζ
)
∼ 2mf
(
ζ′†ζ
)
− ı
µ
mf
ǫijkqiv⊥j
(
ζ′†Sˆkζ
)
,
Miv(SM) ∼ (2p+ q)
i
(
ζ′†ζ
)
− 2ıǫijkqj
(
ζ′†Sˆkζ
)
∼ −2µv⊥i
(
ζ′†ζ
)
− 2ıǫijkqj
(
ζ′†Sˆkζ
)
, (A14)
and for the dark matter matrix elements,
M0v(X) ∼ 2mX
(
ξ′†ξ
)
−
ı
mX
ǫijkqikj
(
ξ′†Sˆkξ
)
∼ 2mX
(
ξ′†ξ
)
− ı
µ
mX
ǫijkqiv⊥j
(
ξ′†Sˆkξ
)
,
Miv(X) ∼ (2k − q)
i
(
ξ′†ξ
)
+ 2ıǫijkqj
(
ξ′†Sˆkξ
)
∼ 2µv⊥i
(
ξ′†ξ
)
+ 2ıǫijkqj
(
ξ′†Sˆkξ
)
. (A15)
The squared matrix elements can be written as the tensors,
T 00v = 2m(2m+ ER)
∑
spins
ζ†ζ = 8m2 + 2−→q 2 ,
T 0iv = −m
∑
spins
ζ†[(σασi − σ¯ασi)p′α]ζ = −2mqk
∑
spins
ζ†σkσiζ = −2mqi
∑
spins
ζ†ζ = −4mqi ,
T ijv = m
∑
spins
ζ†[(σiσασj + σiσ¯ασj)p′α − 2mσ
iσj ]ζ = 2m
∑
spins
ζ†[σiσj(m+ ER)−mσ
iσj ]ζ = 2−→q 2δij . (A16)
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So T 00v ∼ 8m
2, with all other components momentum-suppressed.
If dark matter is a spin-0 particle and the bilinear has a vector Lorentz structure (−Im(φ†∂µφ)), then
M(spin−0)µv =
1
2
(p+ p′)µ . (A17)
Similarly, if dark matter is a complex spin-1 particle and the bilinear has a vector Lorentz structure (−Im(B†ν∂
µBν)),
then
M(spin−1)µv =
1
2
(p+ p′)µǫ′† · ǫ . (A18)
Thus,
M
(spin−0)0
v(X) ∼ mX ,
M
(spin−0)i
v(X) ∼ µv
⊥i ,
M
(spin−1)0
v(X) ∼ mXǫ
′† · ǫ ,
M
(spin−1)i
v(X) ∼ µv
⊥iǫ′† · ǫ . (A19)
4. Pseudovector
For a bilinear with a pseudovector Lorentz structure, the time-component is rotation-invariant and odd under parity.
It must therefore be a sum of terms that are proportional to either −→p ·
−→
S or
−→
p′ ·
−→
S . The spacelike components must
rotate like a vector, but be even under parity. They must then be a sum of terms proportional to either
−→
S or
−→
p′ ×−→p .
We find
M0pv = u¯(p
′)γ0γ5u(p)
= −
1√
(p′0 +m)(p0 +m)
ζ′†
[
(p′0 +m)(−→p · −→σ ) + (p0 +m)(
−→
p′ · −→σ )
]
ζ
∼ −2(p′ + p)i
(
ζ′†Sˆiζ
)
, (A20)
Mipv = u¯(p
′)γiγ5u(p)
= −
1√
(p′0 +m)(p0 +m)
ζ′†
[
(p′ · p+m(p0 + p′0) +m2)σi + pip′jσj + p′ipjσj + ıǫijkpjp′k
]
ζ
∼ −4m
(
ζ′†Sˆiζ
)
+
ı
2m
ǫijkpjp′k
(
ζ′†ζ
)
. (A21)
Thus, the leading term of the pseudovector structure is spin-dependent. Interestingly, while the timelike component
has no spin-independent contribution, the spacelike components have suppressed spin-independent terms.
Then, the SM matrix elements are
M0pv(SM) ∼ −2(2p+ q)
i
(
ζ′†Sˆiζ
)
∼ 4µv⊥i
(
ζ′†Sˆiζ
)
,
Mipv(SM) ∼ −4mf
(
ζ′†Sˆiζ
)
+
ı
2mX
ǫijkpjqk
(
ζ′†ζ
)
∼ −4mf
(
ζ′†Sˆiζ
)
− ı
µ
2mX
ǫijkv⊥jqk
(
ζ′†ζ
)
, (A22)
and the dark matter matrix elements are
M0pv(X) ∼ −2(2k − q)
i
(
ξ′†Sˆiξ
)
∼ −4µv⊥i
(
ξ′†Sˆiξ
)
,
Mipv(X) ∼ −4mX
(
ξ′†Sˆiξ
)
−
ı
2mX
ǫijkkjq′k
(
ξ′†ξ
)
∼ −4mX
(
ξ′†Sˆiξ
)
− ı
µ
2mX
ǫijkv⊥jq′k
(
ξ′†ξ
)
. (A23)
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We can write the squared matrix elements as tensors:
T 00pv = m
∑
spins
ζ†[(σα + σ¯α)p′α − 2m]ζ = 2mER
∑
spins
ζ†ζ = 2−→q 2 ,
T 0ipv = −m
∑
spins
ζ†[(σασi − σ¯ασi)p′α]ζ = −2mqk
∑
spins
ζ†σkσiζ = −2mqi
∑
spins
ζ†ζ = −4mqi ,
T ijpv = m
∑
spins
ζ†[(σiσασj + σiσ¯ασj)p′α + 2mσ
iσj ]ζ
= 2m
∑
spins
ζ†[σiσj(m+ ER) +mσ
iσj ]ζ = (4m2 +−→q 2)δij
∑
spins
ζ†ζ
=
16
3
J(J + 1)(2J + 1)
(
m2 +
−→q 2
4
)
δij . (A24)
Thus, T ijpv =
16
3 J(J + 1)(2J + 1)m
2δij is the dominant component, with all the others momentum-suppressed.
If dark matter is spin-1, then there is one other possible structure, ǫµνρσBν∂ρBσ, which gives
Mspin−1pv = ıǫ
µνρσ(p+ p′)ρǫνǫ
′
σ ,
(A25)
so that
M
(spin−1)0
pv(X) ∼ −2ıµǫ
ijkv⊥i ǫjǫ
′
k ,
M
(spin−1)i
pv(X) ∼ 2ımXǫ
ijkǫjǫ
′
k . (A26)
5. Tensor
Under parity, ψ¯σµνψ transforms with the sign (−1)µ(−1)ν , where (−1)µ ≡ 1 for µ = 0 and (−1)µ ≡ −1 for
µ = 1, 2, 3. The structure ψ¯σ0iψ thus rotates as a vector, but is odd under parity. It thus therefore be a sum of
terms proportional to
−→
p′ , −→p ,
−→
p′ ×
−→
S or −→p ×
−→
S . Similarly, the structure ψ¯σijψ should transform under rotations as
a tensor, and be invariant under parity. So it should contain terms which are proportional to p′ipj or SiSj. We find
M0it = u¯(p
′)γ0γiu(p)
=
1√
(p′0 +m)(p0 +m)
ζ′†
[
−(p0 +m)(p′i − ıǫijkp′jσk) + (p′0 +m)(pi + ıǫijkpjσk)
]
ζ
∼ −(p′ − p)i
(
ζ′†ζ
)
+ 2ıǫijk(p′ + p)j
(
ζ′†Sˆkζ
)
, (A27)
Mijt = u¯(p
′)γ[iγj]u(p)
= −
ıǫijk√
(p′0 +m)(p0 +m)
ζ′†
[
[(p′0 +m)(p0 +m)−
−→
p′ · −→p ]σk − pkp′lσl + ıǫkmlp′lpm + p′kpmσm
]
ζ
∼ −4ımǫijk
(
ζ′†Sˆkζ
)
+
1
2m
(p′ipj − p′jpi)
(
ζ′†ζ
)
. (A28)
This structure is spin-dependent, and also has a momentum-suppressed spin-independent term.
For the SM matrix elements, we get
M0it(SM) = −q
i
(
ζ′†ζ
)
+ 2ıǫijk(2p+ q)j
(
ζ′†Sˆkζ
)
= −qi
(
ζ′†ζ
)
− 4ıµǫijkv⊥j
(
ζ′†Sˆkζ
)
,
Mij
t(SM) = −4ımfǫ
ijk
(
ζ′†Sˆkζ
)
+
1
2mf
(qipj − qjpi)
(
ζ′†ζ
)
= −4ımfǫ
ijk
(
ζ′†Sˆkζ
)
−
µ
2mf
(qiv⊥j − qjv⊥i)
(
ζ′†ζ
)
, (A29)
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and for the dark matter matrix elements, we get
M0it(X) = q
i
(
ξ′†ξ
)
+ 2ıǫijk(2k − q)j
(
ξ′†Sˆkξ
)
= qi
(
ξ′†ξ
)
+ 4ıµǫijkv⊥
j
(
ξ′†Sˆkξ
)
,
Mij
t(X) = −4ımXǫ
ijk
(
ξ′†Sˆkξ
)
−
1
2mX
(qikj − qjki)
(
ξ′†ξ
)
= −4ımXǫ
ijk
(
ξ′†Sˆkξ
)
−
µ
2mX
(qiv⊥j − qjv⊥i)
(
ξ′†ξ
)
= −4ımXǫ
ijk
(
ξ′†Sˆkξ
)
. (A30)
The dominant squared matrix elements are
T µνρσt =
∑
spins
u¯(p)σµν (/p′ +m)σρσu(p) = m
∑
spins
u¯(p)σµν(1 + γ0)σρσu(p) ,
T µνklt = m
∑
spins
u¯(p)σµνσkl(1 + γ0)u(p) ,
T ijklt =
16J(J + 1)(2J + 1)
3
m2(gikgjl − gilgjk) , (A31)
with all other components momentum-suppressed.
If dark matter is a complex spin-1 particle with tensor Lorentz structure (ı(B†µBν−B
†
νBµ)) then the matrix element
is
M
(cpx. spin−1)µν
t(X) = ı(ǫ
′∗µǫν − ǫ′∗νǫµ) . (A32)
For a real spin-1 particle with tensor Lorentz structure (BµBν(sym), where “(sym)” means symmetric and traceless
in the µν indices), the matrix element is
M
(real spin−1)µν
t(X) = ǫ
′µǫν(sym) . (A33)
Appendix B: Annihilation matrix elements
We begin by listing the (exact) spinor bilinears for a dark matter creation or annihilation process. For the sake of
generality, we allow the particles to have different masses. In terms of two-component spinors ξi, the Dirac spinors
may be written as
u(k1) =
(
k1 · σ +m1√
2(k01 +m1)
ξ1
k1 · σ¯ +m1√
2(k01 +m1)
ξ1
)T
,
v(k2) =
(
k2 · σ +m2√
2(k02 +m2)
ξ2 −
k2 · σ¯ +m2√
2(k02 +m2)
ξ2
)T
, (B1)
where the particles have four-momenta,
kµ1 = (E1,
−→
k 1) =
(√
m21 +
−→
k
2
,
−→
k
)
kµ2 = (E2,
−→
k 2) =
(√
m22 +
−→
k
2
,−
−→
k
)
. (B2)
The bilinears for an outgoing fermion/anti-fermion pair are then,
u¯(k1)v(k2) =
[√
E1 +m1
E2 +m2
+
√
E2 +m2
E1 +m1
]
−→
k ·
(
ξ†1
−→σ ξ2
)
,
u¯(k1)γ
5v(k2) = −
1√
(E1 +m1)(E2 +m2)
[
(E1 +m1)(E2 +m2) +
−→
k
2
] (
ξ†1ξ2
)
,
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bilinear annihilation matrix element
φ†φ 1
ıIm(φ†∂0φ) 0
ıIm(φ†∂iφ) −ıki
BµB
µ ǫ1 · ǫ2
ıIm(B†ν∂
0Bν) 0
ıIm(B†ν∂
iBν) −ıkiǫ†
1
· ǫ2
ı(B†iBj −B
†
jBi) ı(ǫ
†
1iǫ2j − ǫ
†
2iǫ1j)
ı(Bi†B0 −B0†Bi) ı(ǫi†
1
ǫ02 − ǫ
i†
2
ǫ01)
ǫ0ijkBi∂jBk ıǫijkk
i(ǫj
2
ǫk1 − ǫ
k
2ǫ
j
1
)
ǫ0ijkBj∂0Bk 0
−ǫ0ijkB
0∂jBk ıǫijkk
j(ǫ02ǫ
k
1 − ǫ
k
2ǫ
0
1)
Bν∂νB0 −2ıEǫ
0
1ǫ
0
2 − ıki(ǫ
i
2ǫ
0
1 − ǫ
0
2ǫ
i
1)
Bν∂νB
i
−ıE(ǫ02ǫ
i
1 + ǫ
0
1ǫ
i
2)− ıkj(ǫ
j
2
ǫi1 − ǫ
j
1
ǫi2)
TABLE XI. The annihilation matrix elements for spin-0 and spin-1 dark matter bilinears.
u¯(k1)γ
0γ5v(k2) = −
1√
(E1 +m1)(E2 +m2)
[
(E1 +m1)(E2 +m2)−
−→
k
2
] (
ξ†1ξ2
)
,
u¯(k1)γ
iγ5v(k2) = ıǫ
ijkkj
(√
E2 +m2
E1 +m1
+
√
E1 +m1
E2 +m2
)(
ξ†1σ
kξ2
)
+ ki
(√
E1 +m1
E2 +m2
−
√
E2 +m2
E1 +m1
)(
ξ†1ξ2
)
,
u¯(k1)γ
0v(k2) =
E1 +m1 − E2 −m2√
(E1 +m1)(E2 +m2)
ki
(
ξ†1σ
iξ2
)
,
u¯(k1)γ
iv(k2) = −
(E1 +m1)(E2 +m2) +
−→
k
2√
(E1 +m1)(E2 +m2)
(
ξ†1σ
iξ2
)
+
2kikj√
(E1 +m1)(E2 +m2)
(
ξ†1σ
jξ2
)
,
u¯(k1)σ
0iv(k2) = −ı
(E1 +m1)(E2 +m2)−
−→
k
2√
(E1 +m1)(E2 +m2)
(
ξ†1σ
iξ2
)
− 2ı
kikj√
(E1 +m1)(E2 +m2)
(
ξ†1σ
jξ2
)
,
u¯(k1)σ
0iγ5v(k2) = ık
i
(√
E2 +m2
E1 +m1
+
√
E1 +m1
E2 +m2
)(
ξ†1ξ2
)
+ ǫijkkj
(√
E2 +m2
E1 +m1
−
√
E1 +m1
E2 +m2
)(
ξ†1σ
kξ2
)
.(B3)
The bilinears of the initial state fermion/anti-fermion pair can be obtained by conjugating the above expressions.
In Table XI we provide the annihilation matrix elements for various dark matter bilinears in the case of spin-0 and
spin-1 dark matter. For spin-1 dark matter, the two particles have polarization vectors ǫ1 and ǫ2.
One can verify that the structure (ǫ01ǫ
k
2 − ǫ
k
1ǫ
0
2) is only non-zero for an initial state with total spin and z-axis spin
projection |S, Sz〉 given by |2, 1〉, |2, 0〉, |2,−1〉 and |0, 0〉. Similarly, the structure (ǫ
j
1ǫ
k
2 − ǫ
k
1ǫ
j
2) is only non-zero for
initial spin states |1, 1〉, |1, 0〉 and |1,−1〉, and the structure (ǫi1ǫ
0
2 + ǫ
0
1ǫ
i
2) is only non-zero for initial spin states |1, 1〉
and |1,−1〉. The structure ǫ1 · ǫ2 is only non-zero for initial spin states |0, 0〉 and |2, 0〉. Finally, ǫ
0
1ǫ
0
2 is only non-zero
for initial spin states |0, 0〉 and |2, 0〉.
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